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Chapter 1

Probability Theory

1.1 Dirichlet Distribution

Dirichlet distribution, often denoted Dir(α) or Dir(α1, ...,αK), is a family of continuous
multivariate probability distributions parameterized by a vector α = (α1, ...,αK), where
K > 2,α > 0. It is a multivariate generalization of the Beta distribution, and it’s equal to
Beta distribution at K = 2.

Dirichlet distribution is a density of θ = (θ1, ..., θK) in K dimensions, and
∑K
i=1

θi =
1. So, Dirichlet distribution is commonly used to sample Multinomial distribution. Its
probability density function is,

p(θ|α) =
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

K∏
i=1

θαi−1

i (1.1)

Or, it can be written as,

p(θ|α) =
1

B(a)

K∏
i=1

θαi−1

i , B(α) =

∏K
i=1

Γ(αi)

Γ(
∑K
i=1

αi)
(Beta function) (1.2)

For example, we draw a Multinomial distribution θ from from a Dirichlet with param-
eters α and then then sample a sequence of N discrete variables x1, x2, ..., xN. Then, the
probability of x given θ is

∏K
i=1

θnii . Combining with Equation 1.1, we have

p(x,θ|α) = p(θ|α)p(x|θ) (1.3)

=
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

K∏
i=1

θαi−1

i ×
K∏
i=1

θnii

=
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

K∏
i=1

θni+αi−1

i

In Equation 1.3, we can integrate out θ to get the marginal probability p(x|α), hence

p(x|α) =

∫
p(x,θ|α)dθ (1.4)

=

∫
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

K∏
i=1

θni+αi−1

i dθ
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Because the integral of distribution is equal to 1, then applying integral of Dirichlet dis-
tribution in Equation 1.1, we have

∫
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

K∏
i=1

θαi−1

i = 1 (1.5)

Moving the terms not depending on θ outside the integral, we get

Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

∫ K∏
i=1

θαi−1

i = 1 (1.6)

Then, ∫ K∏
i=1

θαi−1

i =

∏K
i=1

Γ(αi)

Γ(
∑K
i=1

αi)
(1.7)

Applying Equation 1.7 to Equation 1.4, we have

p(x|α) =

∫
p(x,θ|α)dθ (1.8)

=

∫
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

K∏
i=1

θni+αi−1

i dθ

=
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

∫ K∏
i=1

θni+αi−1

i dθ

=
Γ(
∑K
i=1

αi)∏K
i=1

Γ(αi)

∏K
i=1

Γ(αi +ni)

Γ(
∑K
i=1

(αi +ni))
(1.9)
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Chapter 2

Variational Inference

2.1 Problem Definition

The goal of variational inference is to approximate a conditional density of latent vari-
ables given observed variables. The key idea is to solve this problem with optimization.
We use a family of densities over the latent variables, parameterized by free “variational
parameters”.

Let x = {x1, x2, ..., xn} be a set of observed variables, z = {z1, z2, ..., zm} be a set of latent (or
hidden) variables, and θ be the model parameter. In Bayesian inference, we are usually
interested in the posterior of latent variables z given x and θ, which is p(z|x, θ). According
to Bayes theory, the computation of the posterior is

p(z|x, θ) =
p(z, x|θ)
p(x|θ)

=
p(z, x|θ)∫
p(z, x|θ)dz

However, the integral of marginal distribution of the observations p(x|θ) =
∫
p(z, x|θ)dz

is usually computationally intractable. The p(x|θ) are also called evidence.

2.2 The evidence lower bound

The p(x|θ) is usually computationally intractable, and according to Jensens inequality,

log p(x|θ) = log
∫
p(z, x|θ)dz

= log

∫
q(z)

p(z, x|θ)
q(z)

dz

>
∫
q(z)log

p(z, x|θ)
q(z)

dz (using Jensen’s inequality)

=

∫
q(z)log p(z, x|θ)dz −

∫
q(z)logq(z)dz

= Eq[log p(z, x|θ)] − Eq[logq(z)] = L(q) (2.1)

Hence, log(p(x|θ)) > L(q), and L(q) is called evidence lower bound (or ELBO) of
log p(x|θ). In addition, the second term Eq[logq(z)] is entropy. The L(q) can be also
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Variational Inference

p.z j x/
KL.q.zI ��/ jjp.z j x//

�init

��q.zI �/

Ñ VI turns inference into optimization.

Ñ Posit a variational family of distributions over the latent variables,

q(z;⌫)

Ñ Fit the variational parameters ⌫ to be close (in KL) to the exact posterior.
(There are alternative divergences, which connect to algorithms like EP, BP, and others.)

Figure 2.1: Variational Inference is solved through optimization, the v denotes the varia-
tional parameters.

written as ELBO(q) as,

ELBO(q) = Eq[log p(z, x|θ)] − Eq[logq(z)] (2.2)

Recall Kullback-Leibler (KL) divergence as,

KL(q||p) = E
[
log

q(z)
p(z|x, θ)

]
= E[logq(z)] − E[log p(z|x, θ)]

= E[logq(z)] − E
[
log

p(z, x|θ)
p(x|θ)

]
= E[logq(z)] − E[log p(z, x|θ)] + log p(x|θ)
= −(E[log p(z, x|θ)] − E[logq(z)]) + log p(x|θ) (2.3)

Where all expectations are taken with respect to q(z). Combined with Equation( 2.1), and
the Equation( 2.3) can be written as,

KL(q||p) = −L(q) + log p(x|θ)

Hence, the log p(x|θ) can be decomposed as,

log p(x|θ) = L(q) +KL(q||p)

or, log p(x|θ) = ELBO(q) +KL(q||p) (2.4)

The goal of variational inference is to find the best candidate, the one closest in KL di-
vergence to the exact conditional. In Figure 2.1, Inference now amounts to solving the
following optimization problem,

q∗(z) = arg min KL(q(z)||q(z|x, θ)) (2.5)

With Equation 2.4, we can also infer that minimizing the KL divergence is equivalent to
maximizing the ELBO.

4



2.3 The mean-field variational family

We now describe a variational family, to complete the specification of the optimization
problem. The complexity of the family determines the complexity of the optimization; it
is more difficult to optimize over a complex family than a simple family.

Hence, we focus on the mean-field variational family, where the latent variables are mu-
tually independent, and each governed by a distinct factor in the variational density. A
generic member of the mean-field variational family is defined as,

q(z) =
m∏
j=1

qj(zj) (2.6)

Each latent variable zj is governed by its own variational factor, the density qj(zj). In
optimization, these variational factors are chosen to maximize the ELBO of Equation.

2.4 Coordinate ascent mean-field variational inference

Using the ELBO and the mean-field family, we have cast the approximate conditional
inference as an optimization problem. To solve this optimization problem, we introduce
the coordinate ascent variational inference (CAVI) method. CAVI iteratively optimizes
each factor of the mean-field variational density, while holding the other fixed. It climbs
the ELBO to a local optimum.

In the Equation 2.2, the ELBO(q) or L(q) is defined as,

ELBO(q) = Eq[log p(z, x|θ)] − Eq[logq(z)] (2.7)

In oder to simplify the equation, we ignore the model parameters θ, which is written as,

ELBO(q) = Eq[log p(z, x)] − Eq[logq(z)] (2.8)

According to chain rule we have,

p(z1:m, x1:n) = p(x1:n)

m∏
j=1

p(zj|z1:(j−1), x1:n) (2.9)

And,

Eq[logq(z1:m)] =

m∑
j=1

Eqj [log p(zj)] (2.10)
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Hence, combining Equation 2.8, 2.9, and , we got,

ELBO(q) = Eq[log (p(x1:n)

m∏
j=1

p(zj|z1:(j−1), x1:n))] − Eq[logq(z)]

= Eq

[
log p(x1:n) +

m∑
j=1

log p(zj|z1:(j−1), x1:n)
]
− Eq[logq(z)]

= Eq[log p(x1:n)] +

m∑
j=1

[
Eq[log p(zj|z1:(j−1), x1:n)] − Eqj [logq(zj)]

]
= log p(x1:n) +

m∑
j=1

[
Eq[log p(zj|z1:(j−1), x1:n)] − Eqj [logq(zj)]

]
(2.11)

We can consider the Eq[log p(zj|z1:(j−1), x1:n)] as,

Eq[log p(zj|z1:(j−1), x1:n)] =

∫
z

m∏
i=1

qi(zi)log p(zj|z1:(j−1), x)dz (2.12)

Hence, the ELBO can be decomposed based on different q(zj), then we can remove the
components that do not depend on q(zj). Hence, supposing the chain rule with the
variable zj as the last variable in the list, we can write the objective function,

Lj = Eq[log p(zj|z−j, x)] − Eqj [logq(zj)] + const (2.13)

Next, because we only consider q(zj), we can rewrite the objective function of q(zj),

Lj =

∫
q(zj)E−j[log p(zj|z−j, x)]dzj −

∫
q(zj)logq(zj)dzj (2.14)

= q(zj)E−j[log p(zj|z−j, x)] − q(zj)logq(zj) (2.15)

Here, the notation E−j[·] denotes an expectation with respect to q distributions over all
variables z expect for the variable zj.

So, to maximize the ELBO (Lj), we take the derivative of Lj with respect to q(zj) and set
the derivative to zero,

dLj

dq(zj)
= E−j[log p(zj|z−j, x)] − logq(zj) − 1 = 0 (2.16)

And this leads to our CAVI updates for q∗(zj),

q∗(zj) ∝ exp{E−j[log p(zj|z−j, x)]} (2.17)

Since the denominator of the conditional does not depend on zj , we can equivalently
write:

q∗(zj) ∝ exp{E−j[log p(zj, z−j, x)]} (2.18)
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In addition, we can also use KL divergence to derive the CAVI from the Equation 2.14,
we replace E−j[log p(zj|z−j, x)] with log(p̃j(zj|z−j, x)), then the Equation 2.14 could be
written as,

Lj =

∫
q(zj)log(p̃j(zj|z−j, x))dzj −

∫
q(zj)logq(zj)dzj

=

∫
q(zj)log

p̃j(zj|z−j, x)
q(zj)

dzj

= −KL(q||p) (2.19)

Hence, from the Equation 2.19, to maximize the ELBO (Lj) is equal to minimize the KL
divergence, which is q = p. Hence, we got q(zj) = p̃j(zj|z−j, x). Thus, we obtain a general
expression for the optimal solution q∗(zj), then

logq∗(zj) = E−j[log p(zj|z−j, x)] + const (2.20)

Hence,

q∗(zj) ∝ exp{E−j[log p(zj|z−j, x)]} (2.21)

The coordinate ascent algorithm is to iteratively update each q(zj), so the ELBO con-
verges to a local minimum. These equations underlie the CAVI algorithm, presented as
Algorithm 1.

Algorithm 1: Coordinate ascent variational inference (CAVI)
Input: A model p(z, x), and data x
Output: Variational density q(z) =

∏m
j=1

qj(zj)
Initialize: Variational factors qj(zj)
while the ELBO has not converged do

for j ∈ {1, ...,m} do
q(zj) ∝ exp{E−j[log p(zj, |z−j, x)]}

end
Compute ELBO(q) = Eq[log p(z, x|θ)] − Eq[logq(z)]

end
return q(z)

Hence, the CAVI algorithm is closely related to Gibbs sampling method. The Gibbs
sampling maintains a realization of the latent variables and iteratively samples from each
variables complete conditional. The Equation 2.17 uses the same complete conditional. It
takes the expected log, and uses this quantity to iteratively set each variables variational
factor.

2.5 Case Study: Bayesian mixture of Gaussian

As an example, we return to the simple mixture of Gaussian mixture model. In Figure 2.2,
it shows that there are Kmixture components and n real valued data point x1:n. The latent
variables are K real value mean parameters µ1:K and n latent class assignments c = c1:n.
The assignment ci indicates which latent cluster ci comes from. In detail, ci is an indicator
K-vector, all zeros except for a one in position corresponding to xi’s cluster. There is a

7



XnCn

N

µkσ2

K

Figure 2.2: Graphical model representation of the K component Bayesian mixture of Gaus-
sian model

fixed hyper-parameter σ2, the variance of the normal prior on the µk’s. We assume the
observation variance is one and take a uniform prior over the mixture components.
Hence, the full hierarchical model is

µk ∼ N(0,σ2)

ci ∼ Categorical(1/K, ..., 1/K)

xi|ci,µ ∼ N(cTi µ, 1)

For a sample of size n, the joint density of latent and observed variables is,

p(µ, c,x) = p(µ)
n∏
i=1

p(ci)p(xi|ci,µ)

=

K∏
i=1

p(µk)

n∏
i=1

p(ci)p(xi|ci,µ) (2.22)

As discussed in Section 2.3, each latent variable has its own variational factor. The first
factor q(µk;mk, s2

k) is a Gaussian distribution on the k-th mixture components mean,
parameterized by its own mean mk and variance s2

k (note these are not the same as
the means of the cluster Gaussian as these are completely different distributions!). The
second factor q(ci;ϕi) is a distribution on the i-th observations mixture assignment with
assignment probabilities given by a K-vector ϕi, and ci being the bit-vector (with one 1)
associated with data point i.

q(µ, c) =
K∏
k=1

q(µk;mk, s2

k)

n∏
i=1

q(ci;ϕi) (2.23)

Having specified the joint distribution and now the mean-field family, we have now com-
pletely specified the variational inference problem for the mixture of Gaussians. The
optimization will now focus on maximizing the ELBO with respect to the variational pa-
rameters for each latent variable.

According to Equation 2.7 and 2.22, the ELBO in the Gaussian mixture model is written

8



as,

ELBO(m, s2,ϕ) = Eq[log p(µ, c,x)] − Eq[logq(µ, c)]

= Eq[log
{ K∏
i=1

p(µk)

n∏
i=1

p(ci)p(xi|ci,µ)
}
]

− Eq[log
{ K∏
k=1

q(µk;mk, s2

k)

n∏
i=1

q(ci;ϕi)
}
]

=

K∑
i=1

Eq[log p(µk);mk, s2

k︸ ︷︷ ︸
part 1

]

+

n∑
i=1

{
Eq[log p(ci);ϕi]︸ ︷︷ ︸

part 2

+Eq[log p(xi|ci,µ);ϕi,m, s2]︸ ︷︷ ︸
part 3

}

−

n∑
i=1

{
Eq[logq(ci;ϕi)︸ ︷︷ ︸

part 4

]
}
−

K∑
i=1

{
Eq[logq(µk;mk, s2

k)︸ ︷︷ ︸
part 5

]
}

(2.24)

Hence, the ELBO can computed in five parts shown in Equation 2.24,

1. part 1:

Eq[log p(µk)] = Eq[log
1√

2πσ2

e−
µ2

k
2σ2 ]

= Eq[log
(

1√
2πσ2

)
−
µ2

k

2σ2
]

= log
(

1√
2πσ2

)
−
E[µ2

k]

2σ2

= log
(

1√
2πσ2

)
−
Var[µk] + E[µk]

2

2σ2︸ ︷︷ ︸
E[µk] =mk,Var[µk] = s2

k

(2.25)

2. part 2:

Eq[log p(ci)] = log(1/K) (2.26)

3. part 3:

Eq[log p(xi|ci,µ)] = Eq[log
1√

2πσ2

e−
(xi−µci )

2

2σ2︸ ︷︷ ︸
σ=1

]

= Eq[log(
1√
2π

)e
−(xi−µci )

2

2 ]

= Eq[log(1/
√

2π) − (x2

i − 2xiµci + µ
2

ci
)/2]

= log(1/
√

2π) − (x2

i − 2xiEq[µci ] + Eq[µ
2

ci
])/2

= log(1/
√

2π) −
(
x2

i − 2xi
∑
k

cikEq[µk]

9



+
∑
k

cik(Varq[µk] + Eq[µk]
2)
)
/2

= log(1/
√

2π) −
(
x2

i − 2xi
∑
k

ϕikmk

+
∑
k

ϕik(s
2

k +m
2

k)
)
/2 (2.27)

4. part 4:

Eq[logq(ci)] =

∫
ci

q(ci)log(q(ci))dci︸ ︷︷ ︸
negative entropy

=

K∑
k=1

ϕiklogϕik (2.28)

5. part 5:

Eq[logq(µk)] =

∫
µk

q(µk)log q(µk)dµk

=

∫
µk

(2πs2

k)
− 1

2 e−(µk−mK)
2/2s2

klog
(
(2πs2

k)
− 1

2 e−(µk−mk)
2/2s2

k

)
dµk︸ ︷︷ ︸

mk,s2

k are variational factor(mean, variance) for µk

=

∫
µk

(2πs2

k)
− 1

2 e−(µk−mk)
2/2s2

k

(
log(2πs2

k)
− 1

2 − (µk −mk)
2/2s2

k

)
dµk

=−
1

2

log(2πs2

k)

∫
µk

(2πs2

k)
− 1

2 e−(µk−mk)
2/2s2

kdµk︸ ︷︷ ︸
=1

−
1

2s2

k

∫
µk

(µk −mk)
2(2πs2

k)
− 1

2 e−(µk−mk)
2/2s2

kdµk︸ ︷︷ ︸
=s2, because E(x−µ)2 = σ2

=−
1

2

log(2πs2

k) −
1

2

(2.29)

Next, in each term, we have made explicit the dependence on the variational parame-
ters. Each expectation can be computed in closed form. The CAVI algorithm updates
each variational parameter in turn. We first derive the update for the variational clus-
ter assignment factor; we then derive the update for the variational mixture component
factor.

2.5.1 The variational density of the mixture assignments

We first derive the variational update for the cluster assignment ci. According to the CAVI
algorithm Equation 2.17, we can write down variational update for cluster assignment c,

q∗(c;ϕ) ∝ exp
{

Eq−c [log p(µ, c, x)]
}

(2.30)
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And the log joint distribution of log p(µ, c, x) is,

log p(µ, c, x) =
K∑
i=1

log p(µk) +

n∑
i=1

(
log p(ci) + log p(xi|ci,µ)

)
(2.31)

Then variational term q∗(c;ϕ) can be written in Equation 2.32, which remove terms do
not contain c.

q∗(c;ϕ) ∝ exp
{

Eq−c [

n∑
i=1

(
log p(ci) + log p(xi|ci,µ)

)
]
}

(2.32)

Hence, the variational update for the each cluster assignment ci is,

q∗(ci;ϕ) ∝ exp
{

Eq−c [log p(ci) + log p(xi|ci,µ)]
}

= exp
{
log p(ci) + Eq−c [log p(xi|ci,µ)]

}
(2.33)

The terms in the exponent are the components of the joint density that depend on ci. The
expectation in the second term is over the mixture components µ.

The first term of Equation 2.33 is log prior of ci. It is the same for all possible values of
ci, then,

log p(ci) = log(1/K) = −log(K) (2.34)

Next, we consider the second of Equation 2.33, which is expected log of the ci-th Gaussian
density. Recalling that the ci is an indicator vector, we can write as,

p(xi|ci,µ) =
K∏
k=1

p(xi|µk)
cik (2.35)

Then the expected log probability is,

Eq−c [logp(xi|ci,µ)] =
K∑
k=1

cikEqµ [log p(xi|µk);mk, s2

k]

=

K∑
k=1

cikEqµ [−(xi − µk)
2/2;mk, s2

k] + const

=

K∑
k=1

cikEqµ [−x
2

i/2 + xiµk − µ
2

k/2);mk, s2

k] + const

=

K∑
k=1

cik(Eqµ [µk;mk, s2

k]xi − Eqµ [µ
2

k;mk, s2

k]/2) + const (2.36)

In each line we remove terms that are constant with respect to ci. This calculation requires
E[µk] and E[µ2

k] for each mixture component, both computable from the variational Gaus-
sian on the kth mixture component.

Thus, the variational update for the ith cluster assignment is

ϕik = q∗(ci = k) ∝ exp
{

E[µk;mk, s2

k]xi − E[µ2

k;mk, s2

k]/2

}
(2.37)
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2.5.2 The variational density of the mixture-component means

We can use same logic to derive the variational density q∗(µ;m, s2) of the mixture com-
ponent,

q(µ;m, s2) ∝ exp
{

Eq−µ [log p(µ, c,x)]
}

(2.38)

Because, the log joint distribution of log p(µ, c,x) is,

log p(µ, c,x) =
K∑
k=1

log p(µk) +

n∑
i=1

(
log p(ci) + log p(xi|ci,µ)

)
(2.39)

Then, variational term q∗(µ;m, s2) can be written in Equation 2.40, which remove terms
do not contain µ.

q∗(µ;m, s2) ∝ exp
{

Eq−µ [

K∑
k=1

log p(µk) +

n∑
i=1

(
log p(xi|ci,µ)

)
]
}

(2.40)

We turn to the variational density of the kth mixture component. According to the Equa-
tion 2.40, we have

q∗(µk;mk, s2

k) ∝ exp
{
log p(µk) +

n∑
i=1

Eq−µ [log p(xi|ci,µ)]
}

(2.41)

We now calculate the unnormalized log of this coordinate-optimal q(µk;mk, s2

k). Recall
ϕik is the probability that ith observation comes from the kth cluster. Because ci is an
indicator vector, then ϕik = E[cik;ϕi], then,

logq(µk) = log p(µk) +

n∑
i=1

Eqc [log p(xi|ci,µk)] + const (2.42)

= log p(µk) +

n∑
i=1

Eqc [ciklog p(xi|µk);ϕi] + const (2.43)

= −
µ2

k

2σ2
+

n∑
i=1

Eqc [cik;ϕi]log p(xi|µk) + const (2.44)

= −
µ2

k

2σ2
+

n∑
i=1

ϕik

(
−

(xi − µk)
2

2

)
+ const (2.45)

= −
µ2

k

2σ2
+

n∑
i=1

(
ϕikxiµk −

ϕikµ
2

k

2

)
+ const (2.46)

=
( n∑
i=1

ϕikxi

)
µk −

(
1

2σ2
+

n∑
i=1

ϕik
2

)
µ2

k + const (2.47)

This calculation reveals that the coordinate-optimal variational density of µk is an expo-
nential family with sufficient statistics {µk,µ2

k}, and natural parameters {
∑n
i=1

ϕikxi,− 1

2σ2 −∑n
i=1

ϕik
2
}, which could be expressed as Gaussian in terms of mean and variance for up-

dating q(µk),

mk =

∑n
i=1

ϕikxi

1/σ2 +
∑n
i=1

ϕik
, s2

k =
1

1/σ2 +
∑n
i=1

ϕik
(2.48)
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2.5.3 CAVI for the mixture of Gaussians

Algorithm 2 presents coordinate-ascent variational inference for the Bayesian mixture of
Gaussians. It combines the variational updates in Equation 2.37 and Equation 2.48. The
algorithm requires computing the ELBO of Equation 2.24. We use the ELBO to track the
progress of the algorithm and asses when it has converged.

Algorithm 2: Coordinate ascent variational inference (CAVI)
Input: Data x1:n number of components K, prior variance of component means σ2

Output: Variational densities q(µk;mk, s2

k) (Gaussian) and q(ci;ϕi) (K-categorical)
Initialize: Variational parameters m = m1:k, s2 = s2

1:k,andϕ = ϕ1:n

while the ELBO has not converged do
for i ∈ {1, ...,n} do

Set ϕik ∝ exp
{

E[µk;mk, s2

k]xi − E[µ2

k;mk, s2

k]/2

}
end
for j ∈ {1, ...,n} do

Set mk ←
∑n
i=1
ϕikxi

1/σ2+
∑n
i=1
ϕik

Set s2

k ←
1

1/σ2+
∑n
i=1
ϕik

end
Compute ELBO(m, s2,ϕ)

end
return q(z)

2.6 Variational Inference with Exponential Family

2.6.1 Exponential Family

A probability density from exponential family can be expressed in a general form as:

p(x|η) = h(x)exp{ηTT(x) −A(η)}

Where the parameter vector η is referred to as the natural parameter for given function T.
The function T(x) is referred to as the sufficient statistic. And the A(η) is referred to as
the log normalizer, because

1 =

∫
h(x)exp{ηTT(x) −A(η)}dx

then,

1 =

∫
h(x)exp{ηTT(x)}exp{−A(η)}dx

1

exp{−A(η)}
=

∫
h(x)exp{ηTT(x)}dx

exp{A(η)} =

∫
h(x)exp{ηTT(x)}dx

A(η) = log

∫
h(x)exp{ηTT(x)}dx

13



Chapter 3

Topics Model

3.1 Background

TBD

3.2 Latent Dirichlet Allocation

Latent Dirichlet allocation (LDA) [1] is a generative probabilistic model of a corpus. The
basic idea is that documents are represented as random mixtures over latent topics, where
each topic is characterized by a distribution over words.

wdnzdn

N

θd

D

α

βk

K

η

Figure 3.1: Graphical model representation of LDA. The outer plate represents docu-
ments, while the inner plate represents the repeated choice of topics and words within a
document, and the “D” means the total D number of documents, and “N” means the to-
tal N number of words in a documents. The “grey” color circle is observed variable; and
the others are unobserved variable. And the “α,γ” are hyper-parameters for Dirichlet
distribution.

As shown in Figure 3.1, let K be a specific number of topics, the D denotes the number
of documents, and the N denotes the number of words in each documents. Hence, LDA
defines the following generative process:

1. For each topics in k ∈ K,

14



(a) draw a distribution over words βk ∼ Dirichlet(η)

2. For each document d ∈ D:

(a) draw a vector of topic proportions θd ∼ Dirchlet(α).

(b) For each word wn ∈ N:

i. Choose a topic zdn ∼ Multinomial(θd)
ii. Choose a word wdn ∼ Categorical(βzdn)

3.3 Inference Methods

In Figure 3.1, the latent variables in LDA are β,θ, and z. Hence, the goal of inference
algorithm is to infer the latent variables.
The posterior distribution of hidden variables given a document:

p(β,θ, z|w,α,η) =
p(β,θ, z,w, |α,η)

p(w|α,η)

Unfortunately, this distribution is intractable to compute in general. However, a wide va-
riety of approximate inference algorithm can be used in LDA, such as MCMC, variational
inference.

3.3.1 Variational Inference

Because the original distribution p(x) is intractable, the goal of variational inference is
to find a tractable distribution q(x) to approximate the original. Hence, the computation
becomes optimization problem which minimize the difference between original distribu-
tion and approximate distribution. KL divergence helps to calculate the distance between
original distribution and approximate distribution.

In LDA model, the joint density of latent variables (β,θ, z) observed variables is,

p(β,θ, z,w|α,η) =
K∏
k=1

p(βk|η)

D∏
d=1

[
p(θd|α)

N∏
n=1

[p(zdn|θd)p(wdn|β1:K, zdn)]
]

Then, for echo latent variable, we posit a mean-field variational family.

q(β,θ, z) =
K∏
k=1

q(βk; λk)
D∏
d=1

[
q(θd;γd)

N∏
n=1

q(zdn;φdn)
]

And,

q(βk) ∼ Dirichlet(λk)

q(θd) ∼ Dirichlet(γd)

q(zdn = k) ∼ Categorical(φkdn)

15



Then, then log likelihood of documents is,

logp(w|α,η) = log
∫
θ

∫
β

∫
z
p(β,θ, z,w|α,η)dθdβdz

= log

∫
θ

∫
β

∫
z

p(β,θ, z,w|α,η)q(β,θ, z)
q(β,θ, z)

dθdβdz

>
∫
θ

∫
β

∫
z
log
(p(β,θ, z,w|α,η)

q(β,θ, z)

)
q(β,θ, z)dθdβdz

=

∫
θ

∫
β

∫
z
log
(
p(β,θ, z,w|α,η)

)
q(β,θ, z)dθdβdz

−

∫
θ

∫
β

∫
z
log
(
q(β,θ, z)

)
q(β,θ, z) dθdβdz

= Eq[log p(β,θ, z,w|η,α)] − Eq[logq(β,θ, z)]︸ ︷︷ ︸
ELBO(β,θ,z)

The ELBO(β,θ, z) is called evidence lower bound, because,

logp(w|α,η) = ELBO(β,θ, z) + KL(q||p)

Hence, to minimize the KL divergence is equal to maximize ELBO(β,θ, z), which is
easier.
According to the Equation 2.8, the ELBO for LDA can be defined as,

ELBO(β,θ, z) = Eq[log p(β,θ, z,w|η,α)] − Eq[logq(β,θ, z)]

= Eq[log
{ K∏
k=1

p(β1:K|η)

D∏
d=1

[
p(θd|α)

N∏
n=1

[p(zdn|θd)p(wdn|β1:k, zdn)]
]}

]

− Eq[log
{ K∏
k=1

q(βk; λk)
D∏
d=1

[
q(θd;γd)

N∏
n=1

q(zdn;φdn)
]}

]

=
∑
K

Eq[log p(βk|η)] +
∑
D

{
Eq[log p(θd|α)] +

∑
N

{
Eq[log p(zdn|θd)]

+ Eq[log p(wdn|β1:K, zdn)]
}}

−
∑
K

Eq[log q(βk; λk)]

−
∑
D

{
Eq[log q(θd;γd)] −

∑
N

Eq[log q(zdn;φdn)]
}

(3.1)

Then, we can derive the variational update for each variational parameters according to
CAVI algorithm form Equation 2.17 and 2.18.

First, deriving variational update for β, which remove terms do not contain β, is

q∗(β; λ) ∝ exp
{

Eq[log p(β,θ, z,w|η)]
}

∝ exp
{

Eq[log
( K∏
k=1

p(β1:K|η)

D∏
d=1

N∏
n=1

p(zdn|θd)p(wdn|β1:k, zdn)
)
]
}

∝ exp
{

Eq[log
( K∏
k=1

p(β1:K|η)

D∏
d=1

N∏
n=1

p(wdn|β1:k)
δ(zdn,k)

)
]
}

16



Hence, the variational update for particular topic βk is,

q∗(βk; λk) ∝ exp
{

Eq[log
(
p(βk|η)

D∏
d=1

N∏
n=1

p(wdn|βk)
δ(zdn,k)

)
]
}

= exp
{

Eq[log
(

Dirv(η)

D∏
d=1

N∏
n=1

β
δ(zdn,k)
k,wdn︸ ︷︷ ︸

Dir(post)∝ Dir(prior)× Cat(likelihood)

)
]

∝ exp
{

Eq[log
(
Dirv(η+

D∑
d=1

N∑
n=1

w
δ(zdn,k)
dn )

)
]

∝ exp
{

Eq[log
(
β
η−1+

∑D
d=1

∑N
n=1

w
δ(zdn ,k)
dn

k

)
]
}

= exp
{

Eq[
(
η− 1 +

D∑
d=1

N∑
n=1

w
δ(zdn,k)
dn

)
× log(βk)]

}

= exp
{

E∏D
d=1

∏N
n=1

q(zdn)
[η− 1 +

D∑
d=1

N∑
n=1

w
δ(zdn,k)
dn ]× log(βk)

}

= exp
{ [
η− 1 +

D∑
d=1

N∑
n=1

wdnφ
k
dn

]
︸ ︷︷ ︸

natural parameter

× log(βk)︸ ︷︷ ︸
sufficient statistic

}

Hence, q∗(βk; λk) is Dirichlet distribution with natural parameter[η−1+
∑D
d=1

∑N
n=1

wdnφ
k
dn

]
.

So,

λk = η+

D∑
d=1

N∑
n=1

wdnφ
k
dn (3.2)

Second, deriving variational update for θ, which remove terms do not contain θ, is

q∗(θ;γ) ∝ exp
{

Eq[log p(β,θ, z,w|η)]
}

∝ exp
{

Eq[log
( D∏
d=1

[
p(θd|α)

N∏
n=1

p(zdn|θd)
])

]
}

Hence, the variational update for particular topic θd is,

q∗(θd;γd) ∝ exp
{

Eq[log
(
p(θd|α)

N∏
n=1

p(zdn|θd)
)
]
}

∝ exp
{

Eq[log
(
Dirk(α)×

N∏
n=1

Mult(zdn|θd)︸ ︷︷ ︸
Dir(post)∝ Dir(prior)× Mult(likelihood)

)
]
}

∝ exp
{

Eq[log
(
Dirk(α+

N∑
n=1

z
δ(zdn,k)
dn )

)
]
}
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∝ exp
{

Eq[log
( K∏
k=1

θ
αk−1+

∑N
n=1

δ(zdn,k)
dk

)}

= exp
{

Eq[

K∑
k=1

log
(
θ
αk−1+

∑N
n=1

δ(zdn,k)
dk

)
]
}

= exp
{

Eq[

K∑
k=1

(
(αk − 1 +

N∑
n=1

δ(zdn,k))× log(θdk)
)
]
}

= exp
{

Eq(zdn)[

K∑
k=1

(
(αK − 1 +

N∑
n=1

δ(zdn,k))× log(θdk)]
)}

= exp
{[

(α1 − 1 +

N∑
n=1

δ(zdn, 1)φ1

dn)× log(θd1)
]
+ ...

+
[
(αk − 1 +

N∑
n=1

δ(zdn,k)φkdn)× log(θdk)
]}

= exp
{
[(α1 − 1 +

N∑
n=1

δ(zdn, 1)φ1

dn)...(αk − 1 +

N∑
n=1

δ(zdn,k)φkdn)]
T

︸ ︷︷ ︸
natural parameter

[log(θd1)...log(θdk)]︸ ︷︷ ︸
sufficient statistics

}

Hence, q∗(θd;γd) is Dirichlet distribution with natural parameter [(α1 −1+
∑N
n=1

δ(zdn, 1)φ1

dn)...
(αk − 1 +

∑N
n=1

δ(zdn,k)φkdn)]. Hence,

γd = [(α1 +

N∑
n=1

δ(zdn, 1)φ1

dn)...(αk +
N∑
n=1

δ(zdn,k)φkdn)]

= α+

N∑
n=1

φdn (3.3)

Third, deriving variational update for q∗(zdn = k;φdn), which remove terms do not
contain z, is

q∗(zdn = k;φdn) ∝ exp
{

Eq[log p(β,θ, z,w|α,η)]
}

∝ exp
{

Eq[log
(
p(zdn = k|θd)p(wdn|βk, zdn)

)
]
}

= exp
{

Eq[log
(
θdk ×βk,wdn

)
]
}

= exp
{

Eq(βk)q(θd)[log(θdk) + log(βk,wdn)]
}

= exp
{

Eq(θd)[log(θdk)] + Eq(βk)[log(βk,wdn)]
}

= exp
{
Ψ(γdk) −Ψ

∑
k

(γdk)︸ ︷︷ ︸
constant

+Ψ(λk,wdn) −Ψ
∑
v

(λkv)
}
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∝ exp
{
Ψ(γdk) +Ψ(λk,wdn) −Ψ(

∑
v

(λkv))
}

= exp
{
Ψ(γdk) +Ψ(λk,wdn) −Ψ(

∑
v

(λkv))
}

︸ ︷︷ ︸
nature parameter

× 1︸︷︷︸
sufficient statistics

Because, q∗(zdn = k;φdn) is categorical distribution with sufficient statistics 1, and na-
ture parameter exp

{
Ψ(γdk) +Ψ(λk,wdn) −Ψ(

∑
v(λkv))

}
Hence,

φkdn ∝ exp
{
Ψ(γdk) +Ψ(λk,wdn) −Ψ(

∑
v

λkv)
}

(3.4)

Finally, we got our CAVI algorithm for LDA model for updating variational parameters.

Algorithm 3: Coordinate ascent variational inference for LDA algorithm
Input: A set of words w in documents.
Output: Variational parameters λ,γ,φ
Initialize: Variational parameters λ,γ,φ randomly
while the ELBO (Equation 3.1) has not converged do

repeat
for each document d do

for each word w do
Compute updates to φ and γ via Equations 3.4 and 3.3

end
end

until γ,φ have converged;
Compute update to λ via Equation 3.2.

end
return γ,φ,λ

3.3.2 Collapsed Gibbs Sampling

Recall the goal of LDA is to infer posterior distribution of hidden variables given a docu-
ment:

p(β,θ, z|w,α,η) =
p(β,θ, z,w, |α,η)

p(w|α,η)

And the original Gibbs sampling will sequentially sampling all variables from their dis-
tributions when conditioned on the current values of all other variables and data. And
the Collapsed Gibbs Sampling sample only some variables by integrating other variables.

So, in this LDA scenario, we apply Collapsed Gibbs Sampling by integrating out β and θ
by taking advantage of the fact that the Dirichlet is the conjugate prior of the multinomial.
Then, the objective Collapse Gibbs sampling will be,

p(zdn|z−dn, w) ∝ p(zdn, z−dn,wdn, w−dn)

= p(wdn|z−dn, zdn, w−dn)p(z−dn, zdn, w−dn)

= p(wdn|z−dn, zdn, w−dn)p(zdn|z−dn, w−dn)p(z−dn, w−dn)

∝ p(wdn|z−dn, zdn, w−dn)p(zdn|z−dn)
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For the first term, we have,

p(wdn|zdn = k, z−dn, w−dn) =

∫
β

p(wdn,β|zdn = k, z−dn, w−dn)dβ

=

∫
β

p(wdn|β, zdn = k, z−dn, w−dn)p(β|zdn = k, z−dn, w−dn)dβ

=

∫
βk

p(wdn|βk, zdn = k)p(βk|z−dn, w−dn)dβk (3.5)

In Equation 3.5, the first term is,

p(wdn|βk, zdn = k) = β
δ(zdn,k)
k,wdn

(3.6)

and the second term is,

p(βk|z−dn, w−dn) ∝ p(w−dn|βk, z−dn)p(βk)

=

K∏
k=1

N∏
i=1,i 6=wdn

β
δ(zdn,k)
k,i × Γ(

∑K
k=1

η)∏k
i=1

Γ(η)

N∏
i=1

β
η−1

k,i (3.7)
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Chapter 4

Recommendation System

4.1 Matrix Factorization

4.1.1 Probabilistic Matrix Factorization
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Chapter 5

Neural Network and Deep Learning

5.1 Neural Network Notation

x
(i)
1

x
(i)
2

x
(i)
3

a
[1]
1

a
[1]
2

a
[1]
3

a
[2]
1

ŷ(i)

Hidden
layer

Input
layer

Output
layer

Figure 5.1: A simple representation of 2-layer neural network

A simple two-layer neural network is shown in Figure 5.1, the superscript (i) denotes
the ith training example while the superscript [l] denotes the lth layer.

• x(n): the nth input training example

• g[l]: the activation function g at lth hidden layer

• a[l]n : the nth activating value at lth hidden layer

• ŷ(i): the predicted output vector for the ith training example x

22



5.2 Forward and Backward Propagation
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Figure 5.2: A representation of 3-layer neural network

We will use two-layer neural network structure shown in Figure 5.2 to derive forward
and backward propagation of neural network. Supposing the activation function g()̇ for
all hidden layers is sigmoid()̇ function for binary classification, and using single training
example.

Forward Propagation: predict output label ŷ for each training example x, and compute
loss (or error) based on true label.

1. At 1
th hidden layer,

z[1] =W[1]x+ b[1]

a[1] = sigmoid(z[1])

2. At 2
th hidden layer,

z[2] =W[2]a[1] + b[2]

a[2] = sigmoid(z[2])

3. At output layer,

z[3] =W[3]a[2] + b[3]

ŷ = a[3] = sigmoid(z[3])

4. Compute loss,

L(a[3] − y) = −ylog(a[3]) − (1 − y)log(1 − a[3])

Backward Propagation: compute the derivative the loss with respect to the weights and
bias.
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Figure 5.3: Demonstration of the example of backward propagation at output layer (the
3
rd layer)

1. At output layer, compute derivative of loss respect to the weights and bias

da[3] =
∂L

∂a[3]
= −

y

a[3]
+

1 − y

1 − a[3]

dz[3] = da[3] · ∂g
∂z[3]

= da[3] · σ(z[3])(1 − σ(z[3]) = da[3] · a[3](1 − a[3])

db[3] = dz[3]

dW[3] = dz[3] · a[2]

da[2] = dz[3] · (W[3])T

2. At 2
th hidden layer,

5.3 Loss Function
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Chapter 6

Energy-Based Models

The main purpose of statistical modeling and machine learning is to encode dependen-
cies between variables (observed variables and latent variables or observed variables and
target variables), which cause two basic algorithms in machine learning: Inference and
Learning. Energy-Based Models (EBMs) capture dependencies by associating a scalar en-
ergy (a measure of compatibility) to each configuration of the variables [2].
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Chapter 7

Restricted Boltzmann Machine

v1 v2
v3 v4visible layer v ∈ {0, 1}4

c1 c2 c3 c4

h1 h2
h3hidden layer h ∈ {0, 1}3

b1 b2
b3

W ∈ R3×4

w
1
,1

w
4,3

Figure 7.1: The restricted Boltzmann machine itself is an undirected graphical model
based on a bipartite graph, with visible units in one part of the graph and hidden units
in the other part. There are no connections among the visible units, nor any connections
among the hidden units.

The Figure 7.1 presents a restricted Boltzmann machine with 4 visible units (v) and
3 hidden units (h), and c, b are bias terms for visible layer and hidden layer respectively.
The energy function defined in restricted Boltzmann machine is a joint configuration
(v, h) of visible and hidden units,

E(v, h) = −cTv − bTh − hTWv

= −
∑

i∈visible
civi −

∑
j∈hidden

bjhj − vihjwij

And the probability of joint configuration via energy function,

p(v, h) =
1

Z
e−E(v,h)

where the Z is “partition function” given by,

Z =
∑
v,h

e−E(v,h)

And the “partition function” are normally intractable to compute, because it needs expo-
nential sum all possible visible and hidden units. And the probability of visible units in
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RBM is computed by summing over all hidden units,

p(v) =
∑

j∈hidden
p(v,hj)

7.1 Model Learning in Restricted Boltzmann Machine

Given N training examples or visible unites v, the learning procedure is to maximize∏N
i=1

p(vi). In other words, it’s to minimize negative log-likelihood of −
∑N
i=1

logp(vi).
Basically, we compute derivative of −logp(vi) respect to learning parameters (e.g., weights,
and biases) θ = {W, b, c} in RBM.

Suppose, there are N visible units and H hidden units in RBM. Then, the log likelihood
function L(θ) is defined as,

L(θ) =
N∑
i=1

log(p(vi))

=

N∑
i=1

log(
∑

h

p(vi, h))

=

N∑
i=1

log(
∑

h

exp(−E(vi, h))
Z

)

=

N∑
i=1

log(
∑

h

exp(−E(vi, h))) −Nlog(Z)

=

N∑
i=1

log(
∑

h

exp(−E(vi, h))) −Nlog(
∑
h,v

exp(−E(v, h)))

Then, the derivative of L(θ) respect to parameter θ is,

∂L(θ)
∂θ

=
∂
(∑N

i=1
log(
∑

h exp(−E(vi, h)))
)

∂θ
−
∂
(
Nlog(

∑
h,v exp(−E(v, h)))

)
∂θ

=

N∑
i=1

1∑
h exp(−E(vi,h))

∂
(∑

h exp(−E(vi, h))
)

∂θ

−N
1∑

h,v exp(−E(v, h))

∂
(∑

h,v exp(−E(v, h))
)

∂θ

=

N∑
i=1

1∑
h exp(−E(vi, h))

∑
h

{
exp(−E(vi, h))

∂− E(vi, h)
∂θ

}
−N

1∑
h,v exp(−E(v, h))

∑
h,v

{
exp(−E(v, h))

∂− E(v, h)
∂θ

}

=

N∑
i=1

∑
h

exp(−E(vi, h))∑
h exp(−E(vi,h))

∂− E(vi, h)
∂θ

−N
∑
h,v

exp(−E(v, h))∑
h,v exp(−E(v, h))

∂− E(v, h)
∂θ
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=

N∑
i=1

∑
h

p(vi|h)
∂− E(vi, h)

∂θ
−N
∑
h,v

p(v, h)
∂− E(v, h)

∂θ

=

N∑
i=1

Eh|vi

[∂− E(vi, h)
∂θ

]
−NEv,h

[∂− E(v, h)
∂θ

]
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